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"£3 , Abstract 



Dedicated to Alan Weinstein on the occasion of his 60th birthday 



We introduce quasi-symplectic groupoids and explain their relation with momentum map 
theories. This approach enables us to unify into a single framework various momentum map 
£SJ ■ theories, including ordinary Hamiltonian G-spaces, Lu's momentum maps of Poisson group ac- 

' tions, and the group-valued momentum maps of Alekseev-Malkin-Meinrenken. More precisely, 

we carry out the following program: 

(1) We define and study properties of quasi-symplectic groupoids. 

(2) We study the momentum map theory defined by a quasi-symplectic groupoid T P. In 
particular, we study the reduction theory and prove that J~ 1 (0)/T is a symplectic manifold for 

any Hamiltonian T-space (even though cox £ £l 2 (X) may be degenerate), where 

O C P is a groupoid orbit. More generally, we prove that the intertwiner space (Xi Xp -X^/T 
between two Hamiltonian T-spaces X% and Xi is a symplectic manifold (whenever it is a smooth 
manifold). 

(3) We study Morita equivalence of quasi-symplectic groupoids. In particular, we prove that 
Morita equivalent quasi-symplectic groupoids give rise to equivalent momentum map theories. 
Moreover the intertwiner space [X\ Xp X~2)/Y depends only on the Morita equivalence class. 
As a result, we recover various well-known results concerning equivalence of momentum maps 

I_i ' including the Alekseev-Ginzburg- Weinstein linearization theorem and the Alekseev-Malkin- 

Meinrenken equivalence theorem between quasi-Hamiltonian spaces and Hamiltonian loop group 
spaces. 
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1 Introduction 

"Momentum" usually refers to quantities whose conservation under the time evolution of a physical 
system is related to some symmetry of the system. Noether |28j . in the course of developing ideas of 
Einstein and Klein in general relativity theory, found a very general equivalence between symmetries 
and conservation laws in field theory; this is now known as Noether's theorem. Focusing on the 
relation between symmetries and conserved quantities, the study of momentum maps has received 
much attention in the last three decades, continuing to the present day with the formulation of 
new notions of symmetry. In geometric terms, a phase space with a symmetry group consists of 
a symplectic (or Poisson) manifold P and an Hamiltonian action of a Lie group G. By the latter, 
we mean a symplectic (or Poisson) action of G on P together with an equivariant map J : P — > q* 
such that for each l£g, the one-parameter group of transformations of P generated by X is the 
flow of the Hamiltonian vector field with Hamiltonian (J(x),X) € C°°(P). The map J is called 
the momentum (or moment) map of the Hamiltonian action. One very important aspect of the 
momentum map theory is the study of Marsden-Weinstein (or symplectic) reduction, which is the 
simultaneous use of symmetries and conserved quantities to reduce the dimension of a Hamiltonian 
system. 

With the advance of physics and mathematics, new notions of symmetry and momentum have 
appeared. For instance, a Poisson group symmetry is the classical limit of a "quantum group 
symmetry" in quantum group theory ^2j. Lu's momentum map theory ^2] for Poisson Lie group 
actions is a theory adapted from the usual Hamiltonian theory which incorporates the Poisson 
structure on the symmetry group G. Computations of the symplectic structures on moduli spaces 
of flat connections on surfaces have led to another notion of Hamiltonian symmetry known as quasi- 
Hamiltonian symmetry. In this new theory, the 2-form u on the phase space is neither closed nor 
non-degenerate, but these "defects" are compensated for by the presence of an auxiliary structure 
on the group. This is the starting point of the theory of quasi-Hamiltonian G-spaces with group- 
valued momentum maps of Alekseev-Malkin-Meinrenken (AMM) [2j. All these momentum map 
theories share many similarities, but involve different techniques and proofs. It is also known that 
some of these momentum theories are equivalent to one another. For instance, for compact groups, 
the AMM group-valued momentum map theory is equivalent to the Hamiltonian momentum map 
theory of loop groups of Meinrenken- Woodward |23( 1241 I25j . and for compact Bruhat -Poisson 
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groups, Lu's momentum map theory is equivalent to the usual Hamiltonian momentum map the- 
ory pp. However, these results are fragmentary and their geometric significance remains unclear. 
It is therefore natural to investigate the relations between these theories, and to seek a uniform 
framework, which is an open question raised by Weinstein |34j . A unified approach would seek to 
develop a single momentum map theory which reduces to the theories already established under 
special circumstances. While necessarily generalizing the problem, this would allow a direct com- 
parison of the features of the various momentum maps in a more intrinsic manner. The importance 
of such a single momentum map theory is not merely to give another interpretation of these existing 
momentum map theories, but rather to explore the intrinsic ingredients of these theories so that 
techniques in one theory can be applied to another. This is particularly important in the study 
of group-valued momentum map theory where there are still many open problems, including the 
quantization problem which we believe will be the main application of our approach |17j . 

The approach taken in this paper involves extending the notion of symmetry from actions 
of groups to actions of groupoids. This was motivated by the work of Mikami-Weinstein j2H] 
who showed that the usual Hamiltonian momentum map is in fact equivalent to the symplectic 
action of the symplectic groupoid T*G =S g*, which integrates the Lie-Poisson structure on q*. 
Similarly, in 35 , Weinstein and the author proved that the momentum map theory of Lu for 
an Hamiltonian Poisson group G-space is equivalent to the symplectic action of the symplectic 
groupoid G x G* =t G* integrating the dual Poisson group G* |20j . By a symplectic action of a 
symplectic groupoid r P on a symplectic manifold X, we mean a map J : X — > P equipped 
with a T-action r x p X — > X which is compatible with the symplectic structures |26| . In this case 
X is called an Hamiltonian-r space. 

There is strong evidence that the AMM group- valued momentum map is closely related to the 
transformation groupoid G x G G. Here G acts on itself by conjugation. However, G x G =4 G 
is no longer a symplectic groupoid since the closed 3- form, i.e., the Cartan form O on G, must now 
play a role. In fact, one can show that the standard AMM 2-form w G fi 2 (G x G) together with 
€ fl 3 (G) gives a 3-cocycle of the total de Rham complex of the groupoid and defines a nontrivial 
class in the equivariant cohomology Hq(G) 

This example suggests that one must enrich the notion of a symplectic groupoid in order to 
include such "twisted" symplectic structures on the groupoids. Thus we arrive at quasi-symplectic 
groupoids, the main subject of the present paper. A quasi-symplectic groupoid is a Lie groupoid 
r =4 P equipped with a 2-form to £ S7 2 (r) and a 3-form f2 £ £2 3 (P) such that uj + ft is a 3-cocycle 
of the de Rham complex of the groupoid, where uj must satisfy a weak non-degeneracy condition. 
When uj is honestly non-degenerate, this is the so-called twisted symplectic groupoid studied by 
Cattaneo and the author JO] as the global object integrating a twisted Poisson structure of Severa- 
Weinstein [SO]. In particular, when Q, vanishes, it reduces to an ordinary symplectic groupoid. 

It turns out that much of the theory of Hamiltonian T-spaces of a symplectic groupoid V can 
be generalized to the present context of quasi-symplectic groupoids. In particular, one can perform 
reduction and prove that J~ l (0)/T is a symplectic manifold (even though u>x €E VL 2 {X) may 
be degenerate), where O C P is an orbit of the groupoid. More generally, one can introduce the 
classical intertwiner space (X% x pA~2)/r between two Hamiltonian T-spaces X\ and X2, generalizing 
the same notion studied by Guillemin-Sternberg |T2] for the ordinary Hamiltonian G-spaces. One 
shows that this is a symplectic manifold (whenever it is a smooth manifold). 

As for symplectic groupoids, one can also introduce Morita equivalence for quasi-symplectic 
groupoids. In particular, we prove the following main result, (i) Morita equivalent quasi-symplectic 
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groupoids give rise to equivalent momentum map theories in the sense that there is an equivalence 
of categories between their Hamiltonian T-spaces; (ii) the symplectic manifold {X\ XpXj)/! 1 de- 
pends only on the Morita equivalence class of V. As a result, we recover various well-known results 
concerning equivalence of momentum maps including the Alekseev-Ginzburg-Weinstein lineariza- 
tion theorem and Alekseev-Malkin-Meinrenken equivalence theorem for group-valued momentum 
maps. They are essentially due to the Morita equivalence between the Lu-Weinstein symplectic 
groupoid G x G* G* and the standard cotangent symplectic groupoid T*G zzj q* , where G is a 
compact simple Lie group equipped with the Bruhat-Poisson group structure and the Morita equiv- 
alence is between the symplectic groupoid (LG x Lq =4 Lq, uJLGxLg) and the AMM quasi-symplectic 
groupoid (G x G =3 G, u + O). 

Another main motivation of the present work is the quantization problem. It is natural to 
study the geometric quantization of the symplectic reduced space J~ l (0)/T or more generally 
the symplectic intertwiner space (X\ xp X2)/T, and prove the Guillemin-Sternberg conjecture 
that a [Q,R] = 0" for Hamiltonian T-spaces. As an application, our uniform framework naturally 
leads to the following construction of prequantizations. A prequantization of the quasi-symplectic 
groupoid (r zz£ P, uj + ft) is a gerbe over the stack corresponding to the groupoid r =4 P, while a 
prequantization of an Hamiltonian T-space is a line bundle L on which the gerbe acts. A prequan- 
tization of the symplectic intertwiner space [X\ x pX 2 )/r can be constructed using these data. For 
symplectic groupoids, such a prequantization was studied in |37| . Details of this construction for 
quasi-symplectic groupoids appear elsewhere [TJj. Note that in the usual Hamiltonian case, since 
the symplectic 2-form defines a zero class in the third cohomology group of the groupoid T*G g*, 
which in this case is the equivariant cohomology Hq(q*), gerbes do not enter explicitly. However, 
for a general quasi-symplectic groupoid (for instance the AMM quasi-symplectic groupoid), since 
the 3-cocycle u + Q may define a nontrivial class, gerbes are inevitable in the construction. 

Recently, Zung proved the convexity theorem for Hamiltonian T-spaces of proper quasi- 
symplectic groupoids, which encompasses many classical convexity theorems in the literature |38j . 
Finally we note that recently Bursztyn-Crainic-Weinstein-Zhu showed that infinitesimally quasi- 
symplectic groupoids (which are called twisted presymplectic groupoids in [5]) correspond to twisted 
Dirac structures. They also studied the infinitesimal version of our Hamiltonian T-spaces. We refer 
to jH] for details. 

Acknowledgments. The author would like to thank several institutions for their hospitality 
while work on this project was being done: RIMS/Kyoto University, Ecole Poly technique, Erwin 
Schrodinger Institute, and University of Geneva. He also wishes to thank many people for useful 
discussions and comments, including Anton Alekseev, Philip Boalch, Henrique Bursztyn, Eckhard 
Meinrenken, Jim Stasheff, and Alan Weinstein. Some results of the paper were presented in Poisson 

2002, Lisbon. He would like to thank the organizers for inviting him and giving him the chance 
to present the work. Special thanks go to Laurent-Gengoux family, who generously provided a 
fantastic working environment during the Seminaire Itinerant Geometrie et Physique I, Normandie 

2003, where this work was completed. 

2 Quasi-symplectic groupoids 

In this section, we introduce quasi-symplectic groupoids and discuss their basic properties. 
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2.1 Pre-quasi-symplectic groupoids 

A simple and compact way to define a pre-quasi-symplectic groupoid is to use the de-Rham double 
complex of a Lie groupoid. First, let us recall its definition below. 

Let r zz£ Tq be a Lie groupoid with source and target maps s, t : T — > Tq. Define for all p > 



T x 



r 



xp r. 



p times 



i.e., T p is the manifold of composable sequences of p arrows in the groupoid T To- We have p + 1 
canonical maps T p — > r p _i giving rise to a diagram 



...To 



To. 



In fact, r. is a simplicial manifold. Consider the double complex f2*(T.): 



(1) 



(2) 



d 
d 



n°(r a 



0J 

Its boundary maps are d : £l k (T p ) — > Q k+1 (T p ), the usual exterior derivative of differentiable forms 
and d : Q k (T p ) — > Q k (T p+ i), the alternating sum of the pull-back maps of (^Q). We denote the total 
differential by 5 = (— l) p d + d. The cohomology groups of the total complex f2*(T.) 

H k DR (T.)=H k (n-(T.)) 

are called the de Rham cohomology groups of T To. We now introduce the following 

Definition 2.1 A pre-quasi-symplectic groupoid is a Lie groupoid T =} P equipped with a two- 
form lo G 2 (r) and a three- form Q £ Q 3 (P) such that 

dfl = 0, duj = dfl, and duj = 0. (3) 

In other words, u> + is a 3-cocycle of the total de-Rham complex of the groupoid T ^ P. 

Remark 2.2 It is simple to see that the last condition doo = is equivalent to that the graph of 
the multiplication AcTxTxris isotropic. In this case, u is said to be multiplicative. 

By A — > P we denote the Lie algebroid of T zz£ P, where the anchor map is denoted by 
a : A — > TP. For any £ € r(.A), by £ and £ we denote its corresponding right-and left-invariant 
vector fields on T respectively. The following properties can be easily verified (see also |lUp. 

Proposition 2.3 Let (T P, u + £2) &e a pre-quasi-symplectic groupoid. 
1. e*to = 0, where e : P — > T is i/ie imii map; 
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2. i*uj = —oj, where i : V — > T is the groupoid inversion; 

3. for any £,77 G T(A), 

w( £ ,~V) = ~u( V), ^(£,V) = 0; 

^. /or any £,77 € cj( £ , rf ) is a 7%/tt invariant function on T, and cj( £ , V) * s a ^ e /^ 

invariant function on T. 

PROOF. Let A = {(x, y, z)\z = xy, (x,y) G T2} C T x T x T be the graph of groupoid multiplication. 
Thus A is isotropic with respect to —oj). 

(1) . For any S' m , 5'^ G T m P, since (5' m ,S' m , S' m ), (6'^, S' m , 5'^) G TA, it follows that to(6' m , 6'^) = 0. 

(2) . Vx G r and V<%., S'J. G T X T, it is clear that (6 x ,i*5' x , s*5' x ), (5 X , i*5 x , s*5 x ) G TA. Thus using 
(1), we have 

+ u{i*6' x ,i*8l) = 0, 

and therefore (2) follows. 

(3) . Since £ = — £ and 77 = — 77 , from (2) it follows that u>( £ ,77) = —u>( £ ,"77")- Now 
for any x G T, since both vectors ( £ (x),0 t ( a; ), £ (x)) and (0^, 77 (t(x)), 77 (x)) are tangent to A, we 

thus have cj( £ (x), 77 (x)) = 0. 

(4) . It is simple to see that, for any £,77 G T(yl) and any composable pair (x,y) G r^, 
U(z),0y, £ (xy)), (lf{x),0y,7f(xy)) G TA. Thus 

w( £ (x), lf(x)) - uj( £ (xy), V (>2/)) = 0. 

Hence u(£ ,lf) is a right invariant function on T. Similarly, one proves that uj{ £ , ^77") is a left 
invariant function on T. □ 

We next investigate the kernel of u along the unit space P. For any m G P, there are two ways 
to identify elements of A m as tangent vectors of T, namely vectors tangent to the t- fiber £ — > £ (?rt), 
or to the s-fiber £ — > £ (m). Write 

= {TM|V£ G A m }, and tl| m = UM|V£ € A m }. (4) 
Thus we have the following decomposition of the tangent space: 

T m T = A \ m T m P = A \ m @ T m P^ \/m G P. (5) 

Corollary 2.4 Under the same hypothesis as in Proposition \2. ,% we have, for any m G P, 

1. ker u m = (kerw m n A \ m ) (ker uj m n T m P); 

U. £/ £ (m) G keru; m; i/ien a(£) G kera; m ; and 

5. /or any £ G j4 m , £ (m) G kera; m i/ and only if £ (m) G keriij m . 
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Proof. To prove (1), it suffices to show that if £ (m) + v G kera> m , where £ G ^4 m and v G T m P, 
then both £ (m) and t> belong to keru> m . According to Proposition 12.31 (1). for any u G T m P, we 
have 

oj( £ (m), -u) = u( £ (m) + t> , it) = 0. 

On the other hand, for any 77 G ^4 m , we have u>( £ (w,), ^(m)) = according to Proposition 12.31 (3). 
Thus it follows that £ (m) G kera; m , which also implies that v G keru; m . 

(2) Note that a(£) = £ (m) — £ (m). Hence for any 77 G A m , we have 

w(a(£), lf(m)) = ui{ £ (m) — £ (m), lf(m)) = u( £ (m), ~rf(m)) — uj{ £ (m), lf(m)) = 0. 

It thus follows that a(£) G kera; m since e*w = according to Proposition 12.31 (1). 

(3) follows from (2) since a(£) = £ (m) — £ (m). □ 

2.2 Quasi-symplectic groupoids 

Let us set 

keru; m fl A m = {£ G A m | £ (m) G kerw m }. (6) 

Corollary 12.41 implies that the anchor induces a well-defined map from ker tu m fl A m to ker uj m fl 
T m P. Now we are ready to introduce the non-degeneracy condition. 

Definition 2.5 A pre-quasi-symplectic groupoid (r^F,w + fl) is said to be quasi-symplectic if 
the following non-degeneracy condition is satisfied: the anchor 

a : ker uj m n A m — > ker w m n T m P 

is an isomorphism. 

Given a pre-quasi-symplectic groupoid (T ^ P,u + the two- form uj induces a well-defined 
linear map: 

u b : T m P — » A* m , (u b (v),t}=u(v,~£{m)), to G T m P, £ G 
Indeed one easily sees that oj b induces a well-defined map: 

ker tij m n T m P ker u! m n A m ' 
{#;],[£]} = (w b (t;) J 0=w(t;,TM), to G T m P, £ G A m . (7) 

The following result plays an essential role in understanding the non-degeneracy condition. 

Proposition 2.6 Assume that (T P,uj + 0,) is a pre-quasi-symplectic groupoid. Then <p is a 
linear isomorphism. 
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Proof. Assume that <j>\v\ = for v G T m P. Then u(v, £ (m)) = 0, V£ G A m , which implies that 
v G keru; m since e*uj = 0. Hence [v] =0. So is injective. 

Conversely, assume that £ € ^4 m satisfies the property that (4>[v], [£]) =0, V-u G T m P. Hence 
uj{ £ (m),i?) =0, V-u G T m P. This implies that £ (m) G kera; m . Therefore £ G kera; m PI j4 m , or 
[£] = 0. This implies that is surjective. □ 

An immediate consequence is the following result, which gives a useful way of characterizing a 
quasi-symplectic groupoid. 

Proposition 2.7 A pre- quasi-symplectic groupoid (T P, u + is a quasi-symplectic groupoid 
if and only if 

1. the anchor a : kera; m n A m — > ker w m n T m P is injective, and 

2. dimT = 2 dim P. 

PROOF. By Proposition 12.61 and using dimension counting, we have 

dim(ker u; m fl A m ) — dim(ker u> m n T m P) = dim T — 2 dim P. (8) 

Assume that (r P, w + ^) is a quasi-symplectic groupoid. Eq. (jHJ) implies that dimT = 
2 dim P. The converse is proved by working backwards. □ 

A special class of quasi-symplectic groupoids are the so called twisted symplectic groupoids [TUj . 
which are pre-quasi-symplectic groupoids (r ^ P, u + O) such that u> is honestly non-degenerate. 
In particular, symplectic groupoids |S2] are always quasi-symplectic. In the next subsection, we will 
discuss another class of quasi-symplectic groupoids motivated by the Lie group valued momentum 
map theory of Alekseev-Malkin-Meinrenken |2j. 

2.3 AMM quasi-symplectic groupoids 

First of all, let us fix some notations. Assume that a Lie group G acts smoothly on a manifold 
M from the left. By a transformation groupoid, we mean the groupoid G x M =4 M, where the 
source and target maps are given, respectively, by s(g,x) = gx, t(g,x) = x, V(g,x) G G x M, and 
the multiplication is (gi,x) ■ (g2,y) = (gi92,y), where x = g^y- 

Let G be a Lie group equipped with an ad-invariant non-degenerate symmetric bilinear form 
(•,•). Consider the transformation groupoid G x G G, where G acts on itself by conjugation. 
Following 0, we denote by 9 and 9 the left and right Maurer-Cartan forms on G respectively, i.e., 
9 = g~ l dg and 9 = dgg^ 1 . Let G fl 3 (G) denote the bi-invariant 3-form on G corresponding to 
the Lie algebra 3-cocycle ^(-, [•, •]) G A 3 g*: 

n=±(9,[9,9}) = ±(9,[9,9}) (9) 

and uj G tt 2 (G x G) the two-form: 

u\ {g , x) = ~[{Ad x vTie, w i6) + { w \6, w i{e + e))l (10) 

where (g, x) denotes the coordinate in G x G, and p^ and pr 2 : G x G — > G are the natural 
projections. 
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Proposition 2.8 Let G be a Lie group equipped with an ad-invariant non- degenerate symmetric 
bilinear form (■,•). Then the transformation groupoid (G x G G,lo + f2) is a quasi- symplectic 
groupoid, called the AMM quasi- symplectic groupoid. 

Proof. First, one needs to check that uj + Vt is a 3-cocycle. This can be done by a tedious 
computation, and is left for the reader. 

It remains to check the non-degeneracy condition, which is in fact embedded in the proof of 
Proposition 3.2 [2]. For completeness, let us sketch a proof below. 

The Lie algebroid i4ofGxG^Gisa transformation Lie algebroid: g x G — > G, where the 
anchor map a:gxG-» TG is given by a(£,a;) = r x (£) — l x (C), S Q. Therefore a(£,x) = if 
and only if Ad x ^ = £. On the other hand, for any £ G q being identified with an element in A x , we 
have ~t\(i,x) = (£, 0) G T^ x) (G x G). For any 5 X G T.G, let <5 (ljX) = (0, <5 2 ) G T (lia!) (G x G). Clearly 
5(i is a tangent vector to the unit space. 

It follows from Eq. (UUJ) that 

"(Tia,*), W = o), (o, 4)) = j (e, + 0"). 

Therefore we have e*( £ |(i jX )_Ilj) = ^(£,0 + 0). Hence, £ |( 1)a; )— lw = if and only if + 1)£ = 0. 
This implies that a : ker n A x — > ker n T X G is injective. Therefore it follows from Proposition 
12.71 that (G x G ^ G,u> + Q) is indeed a quasi-symplectic groupoid. □ 

Remark 2.9 From the above proposition, we see that [to + O] defines a class in the equivariant 
cohomology Hq(G). When G is a compact simple Lie group with the basic form (•,•), [uj + f2] 
is a generator of Hq(G). In Cartan model, it corresponds to the class defined by the d^-closed 
equivariant 3-form X g(0 = ^ - + 9, ■ — ► M*(G), V£ G (see 01111). 

3 Hamiltonian T-spaces 
3.1 Definitions and properties 

In this subsection, we introduce the notion of Hamiltonian T-spaces for a quasi-symplectic groupoid 
r =j P, which generalizes the usual notion of Hamiltonian spaces of symplectic groupoids in the 
sense of Mikami-Weinstein J26J . 
First, we need the following: 

Definition 3.1 Given a quasi-symplectic groupoid (r P, uj+Q), let J : X — > P be a left T-space, 
i.e., r acts on X from the left. By a compatible two-form on X, we mean a two-form u>x G 2 (X) 
satisfying 

1. cL->x = J*f2; and 

2. the graph of the action A = {(r, x, rx)\t(r) = J(x)} CT x X x X is isotropic with respect to 
the two- form (u>,u>x, -wx). 

Then (X P,ujx) is called a pre-Hamiltonian T-space. 
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In the sequel, we simply refer to the second condition as to "the graph of the action A C TxXxX 
is isotropic" , where the bar on the last factor X indicates that the opposite two-form is used. 

To illustrate the intrinsic meaning of the above compatibility condition, let us elaborate it in 
terms of groupoids. Let Q := T x p X ^ X denote the transformation groupoid corresponding to 
the T-action, and, by abuse of notation, J : Q — > T the natural projection. It is simple to see that 



Q 
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x— -^p 

is a Lie groupoid homomorphism. Therefore it induces a map, i.e., the pull-back map, on the level 
of de-Rham complex 

J*: fi'(T.)-»«"(Q.)- 

Proposition 3.2 Let (T z4 P, u + ST) be a quasi- symplectic groupoid and J:I-*Pa leftT -space. 
Then to x £ Sl 2 (X) is a compatible two-form if and only if 



Proof. Note that 



j*(uj + n) = 5uj x . (12) 



5oj x = (s*uj x - t*oj x ) + du x , 



where s,t: TxpX^X are the source and target maps of the groupoid r xp X X. So Eq. 
((T2^1 is equivalent to 

s*u> x — t*uj x = J*uj, and du> x = J* SI. 

It is simple to see that the first equation above is equivalent to that the graph of the action 
AcTxIxIis isotropic by using the source and target maps s(r,x) = r ■ x and t(r,x) = x, 
V(r,x) G T xpX. □ 

Remark 3.3 As a consequence, J* : H% R (T.) -> H 3 DR (Q.) maps [u + SI] into zero. When [u + SI] 
is of integral class, it defines an 5 1 -gerbe over the stack 3Er corresponding to the groupoid r P, 
the above proposition implies that the pull-back S^-gerbe on Xq is always trivial. 

If r is the symplectic groupoid T*G =t q*, Q can be identified with the transformation groupoid 
GxIz|I and the groupoid homomorphism J : Q (= G x X) — > T (= G x g*) is simply id x J. 
In this case, J3f, fl (T.) = ^(fl*) and H dr(Q-) ~ H U X )- In Cartan model, Eq. (JEJ) is equivalent 
to 

Here xg £ ^ s ^ ne equivariant closed 3-form defined as xg(0 = —d{a,£), where a : g* — > q* 

is the identity map. Similarly, if T is the AMM quasi-symplectic groupoid G x G G, Q is 
isomorphic to the transformation groupoid G x I 4 I. Then the relevant e^-closed equivariant 
3-form XG G ^g( G ) is 



xo(e) = n-^ + e,0- 



See Remark 2.1 of 0. 
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Note that in the first case, \G € Qq(q*) defines a zero class in Hq(q*), while in the case of the 
AMM quasi-symplectic groupoid, \G € £Iq(G) defines a non-zero class in Hq(G). This fact is the 
key ingredient for explaining the difference of their quantization theories, while in the latter case, 
gerbes are inevitable in the construction |17| . 

As is well known, a Lie groupoid action induces a Lie algebroid action, called the infinitesimal 
action, which can be described as follows. For any x G X and any £ £ A m , where J{x) = m, let 
7(t) be a path in the i-fiber t~ l (m) of V through the point m such that 7(0) = £ {m), and define 
G T^AT to be the tangent vector corresponding to the curve j(t) ■ x through the point x. In 
this way one obtains a linear map 

A m — > T X X, £ -> £(x) 

called the infinitesimal action. In particular, this action induces a Lie algebra homomorphism 
T(A) — > £(AT). One also easily checks that 

The following lemma follows easily from the compatibility condition in Definition 13.11 (2). 

Lemma 3.4 Let (T ^ P,uj + £1) be a quasi-symplectic groupoid. If a V -space J : X — > P equipped 
with a two-form lox satisfies the compatibility condition in Definition ^. 1\ (2), then for any x G X 
such that J{x) = m and any £ £ A m , we have 

J*e*U(m) J W ) = f(i)Jw x . (13) 

Proof. It is simple to see that for any £ G ^4 m , ( £ (m),0, £(x)) is tangent to A. On the other 
hand, \/5 x G T X X, (J*5 X ,5 X ,5 X ) is also tangent to A. Thus it follows that 

u( £ (m), J*4) - wx(£(a;),<5x) = 0. 
Eq. ()13|) thus follows immediately. □ 

From this lemma, one easily sees that if £ (m) G keru;, then automatically belongs to the 
kernel of wj. As in we impose the following minimal non-degeneracy condition. 

Definition 3.5 Let (r =4 P, u> + ^2) be a quasi-symplectic groupoid. A Hamiltonian T-space is a 
left T-space X — > P equipped with a compatible two-form such that \/x G AT, 

kerwxls = {£0e)|£ G AjhA such that £ (-/(a?)) £ kerw}. (14) 

For any x G A", by -A;£, we denote the linear subspace of Aji x \ consisting of those vectors 
£ £ ^4j(a;) such that = 0. 

Lemma 3.6 Assume that (T P,uj + f2) is a quasi-symplectic groupoid and J : X —* P is a 
V -space equipped with a compatible two-form ujx- Then 

1. dim J*(T X X) < rank^4 - dim A*; 
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2. if moreover (X —> P, ujx) is an Hamiltonian Y -space, then 

a. kercjj^) n Aj^ — > kercJxU, £, — ► £(x) is an isomorphism; and 

b. ker J* n ker u: b x = 0. 

PROOF. (1) V5 X e T^A and £ G A§, we have 

M-/.**], [£]> = w(J,^,?(J(x))) = -u, x (£(x)A) = 0, 
where <^> is the linear isomorphism defined by Eq. (J7J). This implies that 

^[ Wl {UT x X))]^{ W2 Al) L , 

where 

Tj/ x \P 

Wi ■ TjmP -> — 

kerwj^) r\T J{x) P 

and 

P r 2 : A J(x) ->• ^ j 

kerw J(:c) n A J(x) 

are projections. 

Secondly, we note that pr 2 is injective when being restricted to A x . To see this, we only need 
to show that A x x n (ker U)ji x \ D = 0. Assume that £ 6 A x fl (ker wj^) H Ajr x \). Then we have 

£(x) = and £ {J{x)) -Ju = 0. Hence a(£) = J*£(x) = 0, which implies that £ = by Definition 
12.51 As a consequence, we have dim(pr 2 -A:£) = dim^:. Hence, 



dim J*(T X X) - dim(ker loj^ n T J(x) P) 

< dimpr 1 ( J*(T X X)) (since <j) is a linear isomorphism) 
= dim^[pr 1 (J !l< (r a; X))] 

< dim(pr 2 ^) ± 

= [rankvl — dim(ker ujj(x) n Aj(x))] — dim(pr 2 A x ) 
= [rank^4 — dim(ker loj(x) fl Aj{x))\ — dimA^. 

Thus (1) follows immediately since T is a quasi-symplectic groupoid. 

(2) (a). By the minimal non-degeneracy assumption, we know that the map 

keruj J{x) n Aj( x ) -> ker u x U, £ -» 

is surjective. To show that it is injective, assume that £ € ker uijr x \ n Auj.) such that £(x) = 0. 
Then a(£) = J*£(x) = 0. Since a; is non-degenerate in the sense of Definition 12.51 we have £ = 0. 
(b). Assume that 5 X £ ker J* Hkero;^. Since J : A — > P is an Hamiltonian T-space, by 

assumption, we have 5 X = £(#), where £ € ^4j( x ) such that £ (<^(x)) I u; = 0. Hence a(£) = 

J*£(x) = J*(Jj. = 0, and therefore £ = since T is a quasi-symplectic groupoid. 
This completes the proof. □ 
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For a subspace V C T X X, by we denote its wx-orthogonal subspace of V. As a consequence, 
we have the following proposition which plays a key role in our reduction theory. 

Proposition 3.7 Assume that (T ^ P,lu + Q) is a quasi- symplectic groupoid, and (X P,u>x) 
an Hamiltonian T-space. Then 

(ker J*)"* = {i(x)\V £ £ A J[X) }. (15) 
Proof. It is simple to see that (ker J*) Ux = [^(ker J*)] . Therefore it follows that 
dim(ker J*) ux 

= dim X — dim[iij^-(ker J*)] (since uj x is injective when being restricted to ker J*) 

= dim X — dim ker J* 

= dim J* (I^X) fbv Lemma 13. 6|) 

< rank A — dim A x x 

= dim{i(x)\y^eA J{x) }. 

On the other hand, clearly we have 

{i(x)\y £ G A J[X) } C (ker J*)"* 

according to Eq. (|T5|). Thus Eq. (fTo]) follows immediately. □ 

3.2 Two fundamental examples 

Below we study two fundamental examples of Hamiltonian T-spaces, which are naturally associated 
to a quasi-symplectic groupoid. 

Proposition 3.8 Assume that (T =$ P, to + f2) is a quasi-symplectic groupoid. Then 

1. J : T — > P x P is an Hamiltonian T x T-space, where J(r) = (s(r),t(r)), Vr € T, and the 
action is defined by 

(ri,r 2 ) • x = rixr^ 1 , t(ri) = s(x), t(x) = t(r 2 ). 

2. Given any orbit O C P ', there is a natural two- form u>o £ S1 2 (0) so i/iai i/ie natural inclusion 
i : O — > P defines an Hamiltonian T-space under the natural T -action. 

Proof. (1) It is clear, from definition, that dco = J*Q. To check the second compatibility condition 
of Definition 13.11 it suffices to show that 

{(ri,r2,x,rixro 1 )\ t{r\) = s(x), t(x) = t(r 2 )} CT xT xT xT 

is isotropic. This can be proved using the multiplicativity assumption on u, i.e., duj = 0, as in |33j . 
To check the minimal non-degeneracy condition, note that for any £,rj € T(A), the vector field on 
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r generated by the infinitesimal action of (£,77) is given by £ (x) — *rf(x). Next, note that for any 
5 X G T X T, £ G r(A), we have 

w( £ (x),S x ) = u( £ ^(x)),^), u;(£ (x),S x ) = u;(£ (s(x)),s*8 x ). (16) 

These equations follow essentially from Eq. (|13|) since s : T — > P equipped with the natural left 
T-action (or t : T — > P with the left T-action: r ■ x = xr _1 , respectively) satisfies the hypothesis of 
Lemma 13.41 

Now assume that 5 X G kero;. Then t*5 x G keru> by Eq. (|16[). since P is isotropic. By the 
non-degeneracy assumption, we have i*^ = 0(77) for some 77 G ^4|j( x ) such that ~rf(t(x)) G kerw. 
Hence *rf{t{x)) G kerw by Corollary 12.41 (3), which in turn implies that *rf(x) G kero; according to 
Eq. (O. Let 5' x = S x + *rf{x). Then, 

t*6' x = t*5 x + U*ff(x) = t*5 x - a{rj) = 0. 

Also we know that S' x G kero;. Therefore one can write 5 X = £ (x) where £ G -*4 s (a:) such that 
£ (s(»)) G kerw. We thus have proved that S x = £ (x) — *rf(x), where lf(t(x)) G kerw and 
£ (s(«)) G kerw. 

(2) Let C P be the groupoid orbit through the point mo G P. It is standard that i _1 (mo) — » O 
is a -principal bundle, where denotes the isotropy group at ttiq. From the multiplicativity 
assumption on u>, it is simple to see that co\ t -ir mo \, the pull-back of lo to the />fiber t~ 1 (mo), is 
indeed basic with respect to the r™°-action. Hence it descends to a two-form ujq on O. That is, 
u\ t -ir mo \ = s*ujq- It thus follows that 

s*duj = (s*0 - i*0)| t -i (mo) , 

which implies that gL>o = It is also clear that the two-form luq is compatible with the groupoid 
T-action since u is multiplicative. To show the minimal non-degeneracy condition, assume that 
x G r^mo) is an arbitrary point, and 5 X G T x t ^(7770) such that [5 X ] — s*5 x G kercj£)| m , where 
777 = s(x). By definition, u(S x , S' x ) = 0, \/5' x G T x t (mo). It thus follows that u(r x -iS x , r x -i8' x ) = 0. 
Let £, 77 G ^4 m such that r^-i^ = £ (m) and r z -i^. = ~rf(m). Thus we have u>( £ (m), ~rf(m)) = 
0, V7/ G A m . Therefore 

u;(a(£), ~rf(m)) = u( £ (777) — £ (m), ~rf(m)) = uj(^ (m), ~rf(m)) =0, V77 G j4 m . 

It thus follows that a(£) G kera; since w(a(£),T m P) = 0. That is, a(£) G kerw m n T m P. By 
the non-degeneracy assumption on uj (see Definition I2.5|) . we deduce that there exists £1 G A m 
such that £1(777) G keru and a(£i) = a(£). So £ — £1 belongs to the isotropy Lie algebra at 
m. As a result, it follows that the minimal non-degeneracy condition is indeed satisfied since 
[S x ] = sj x = £(m) = £1(777). □ 

3.3 Examples of Hamiltonian T-spaces 

In this subsection, we list various examples of momentum maps appeared in the literature, which 
can be considered as special cases of our Hamiltonian T-spaces. In fact, our definition is a natural 
generalization of Hamiltonian T-spaces of a symplectic groupoid of Mikami-Weinstein |26j . which 
include the usual Hamiltonian momentum maps and Lu's momentum maps of Poisson group actions 
as special cases. 
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Example 3.9 Consider the symplectic groupoid (T*G =t Q*,lj), where u) is the standard cotangent 
symplectic structure. Then its Hamiltonian spaces are exactly the Hamiltonian G-spaces J : X — > 
g* in the ordinary sense. 

Example 3.10 When P = G* , the dual of a simply connected complete Poisson Lie group G, its 
symplectic groupoid T is a transformation groupoid: G x G* =4 G* , where G acts on G* by left 
dressing action j5U]. In this case, Hamiltonian T-spaces can be described in terms of the so-called 
Poisson G-spaces. Recall that a symplectic (or more generally a Poisson) manifold X with a left 
G-action is called a Poisson G-space if the action map G x X — > X is a Poisson map. A Poisson 
morphism J : X —* G* is said to be a momentum map for the Poisson G-space ^H]; if 

x e Q ^-7T*(r(x r )) sx{x) (17) 

is the infinitesimal generator of the G-action, where X r denotes the right-invariant one-form on G* 
with value X G 0* at the identity, and nx is the Poisson tensor on X. An explicit relation between 
Hamiltonian T-spaces and Poisson G-spaces can be established as follows [35] . If J : X — > G* is an 
Hamiltonian T-space, then X is a Poisson G-space with the action: 

gx = (g,J(x)) ■ x, (18) 

for any g G G and x G X, where (g, J(x)) is considered as an element in T = G x G* and the 
dot on the right hand side refers to the groupoid T-action on X. Then J is the momentum map 
of the induced Poisson G-action, in the sense of Lu [19] . Conversely, if a symplectic manifold X 
is a Poisson G-space with a momentum mapping J : X — > G* , Eq. (|18|) defines an Hamiltonian 
T-space. 

Example 3.11 Let (•, •) be an ad-invariant non-degenerate symmetric bilinear form on g. It is 
well-known that (•, •) induces a Lie algebra 2-cocycle A G A 2 (Lg*) on the loop Lie algebra defined 
by [2H1 : 

X(X, Y) = ^J (X(s),Y'( S ))ds, VX(s),Y(s) € Lg, (19) 
o 

and therefore defines an affine Poisson structure on Lq. Its symplectic groupoid T can be identified 
with the transformation groupoid LGxLq Lq, where LG acts on Lg by the gauge transformation 

g-i = Ad g i + g'g-\ Vg G LG, £ G Lg. (20) 

This is the standard gauge transformation when Lg is identified with the space of connections 
on the trivial G-bundle over the unit circle S . The symplectic structure on LG x Lg can be 
obtained as follows. By Lg we denote the corresponding Lie algebra central extension. Assume 
that A satisfies the integrality condition (i.e., the corresponding closed two- form u>lg G £1 2 {LG) 
is of integer class). It defines a loop group central extension S 1 — ► LG LG. Consider 
tt : LGxLg — > LGxLg, where n = irxid. Let i denote the embedding LGxLg = LGx (Lg x {1}) c 
LGxLg^ T*LG. Then 

In this case, the corresponding Hamiltonian T-spaces are exactly Hamiltonian loop group spaces 
studied extensively by Meinrenken- Woodward [231 1241 [2*5] . 
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Example 3.12 Let T be the AMM quasi-symplectic groupoid (G x G =$ G,u + 17). It is simple 
to see that Hamiltonian T-spaces correspond exactly to quasi-Hamiltonian G spaces with a group 
valued momentum map J : A — > G in the sense of [2], namely those G-spaces X equipped with a 
G-invariant two-form u>x £ f2(A) G and an equivariant map J £ G°°(A, G) such that: 

(Bl) The differential of ujx is given by: 

du>x = J* CI. 

(B2) The map J satisfies 

|ju;x = ij*(£,0 + 0),V£Gf|. 
(B3) At each x £ A, the kernel of u->x is given by 

keiux\x = £ e ker(Ad J(x) +1)}. 

3.4 Hamiltonian bimodules 

A useful way to study Hamiltonian T-spaces is via the Hamiltonian bimodules. 

Definition 3.13 Given quasi-symplectic groupoids (G =4 Gq,ojg + CIq) and (H zzt Hq,ujh + &h), 
an Hamiltonian G--£/-bimodule is a manifold X equipped with a two- form uj £ S7 2 (A) such that 

1. Go <— X A i/o is a left G-space and a right i?-space, and the two actions commute; 

2. A ^— > G x Hq is an Hamiltonian G x f/-space, where the action is given by (g, h) ■ x = 
gxh^ 1 , V<7 E G, h £ H, x 6 A such that = and = a"(x). 

In particular, an Hamiltonian T-space can be considered as an Hamiltonian r--bimodule, where 
■ denotes the trivial quasi-symplectic groupoid • ■. 

Given an Hamiltonian G--ff-bimodule Go A A —> Hq, let Q ^4 A be the transformation 
groupoid 

Q:=(GxH) x {GoxHo) X^X. 

Then the natural projections pr x : Q — > G and pr 2 : Q ^ H are groupoid homomorphisms. As an 
immediate consequence of Proposition 13.21 we have the following 

Proposition 3.14 If (G =4 Go,^g + ^g) (i? Ho,<^H + CIh) are quasi-symplectic groupoids, 
and Go <— A A iio *s an Hamiltonian G-H-bimodule, then 

pvl(uG + ^g) - pr^Wjj + ftff) = (5wx- 

Therefore, on the level of cohomology, we have 

prl[uj G + fi G ] = pr^^H + tt H ], 

where pr^ : Hfj R (G.) — > Hf) R (Q.) and pr?i : Hf-, R (H.) —> Hf-, R (Q.) are the homomorphisms of 
cohomology groups induced by the groupoid homomorphisms pr 1 : Q — > G and pr 2 : Q — > 
respectively. 
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Let (G ^4 Go,cl>c + ^g)> (-^ ^ Hq,^h + and (it =J Kq,u>k + be quasi-symplectic 
groupoids. Assume that Go X — * Hq is an Hamiltonian G-ii-bimodule, and Hq Y — i ito an 
Hamiltonian ii- it-bimodule. Moreover, we assume that the fiber product X X# Y is a manifold 
(for instance, this is true if ffi x p 2 : ^ x 7 -> Hq x iio is transversal to the diagonal) and the 
diagonal ii-action on X x# Y, h ■ (x,y) = (x ■ h , h ■ y), is free and proper so that the quotient 
space is a smooth manifold, which is denoted by X x^Y. That is 

Let P3 : X Xh Y — > Go and cr 3 : X Y — > ito be the maps given by P3([x,y]) = pi(x) and 
^([^y]) = CF 2(y), respectively. Define a left G-action and a right it-action on X Xh Y by 

9-[x,y] = [g-x,y] and [a;, y] • k = [x, y ■ k], (21) 

whenever they are defined. It is clear that Go X x# Y ^> Kq becomes a left G- and right 
it-space, and that these two actions commute with each other. 

To continue our discussion, we need to make a technical assumption. 

Definition 3.15 We say that two smooth maps t% : X, — > M, i = 1,2, are clean, if 

1. the fiber product Xi x jy X2 is a smooth manifold; and 

2. for any (xi,X2) 6^1 xm X2, f*T^ Xl ^{Xi Xm X2) is equal to either Ti*T xl Xi or T2*T2; 2 X2, 
where / : X\ Xm X2 — > M is defined as f(xi,X2) = t\(x\) = T2{x2)- 

For instance, two maps are clean if one of them is a submersion. The main result of this 
subsection is the following 

Theorem 3.16 Let (G ^ Gq,uj g + (i? z4 H ,lo h + O^), and (it z4 Kq,uj k + fig-) ae 

quasi-symplectic groupoids. Assume that G ^ X ^ H is an Hamiltonian G-H-bimodule, and 
Hq Y Kq is an Hamiltonian H-K-bimodule. If Z := X x u Y is a manifold, then 

1. the two- form i*(u>x © wy) € f2 2 (X x# K), where i : X x h q Y ^ X x Y is the natural 
inclusion, descends to a two-form loz on Z ; and 

2. if moreover assume that o~\ and p2 are clean, then {Z,loz), equipped with the left G- and right 
K-actions as in Eq. \21\) . is an Hamiltonian G-K-bimodule. 

Proof. First, note that for any (x,y) € X x h Y , the tangent space to the ii-orbit is spanned by 
vectors of the form (£(x),£(y)), V£ G Aff| m , where Ah is the Lie algebroid of H, and m = &i(x) = 
P2{y)- Here we let H act on X from the left: h ■ x = x/i -1 , and denotes the infinitesimal vector 
field generated by this action. Now 

(|(aO,£(v))-l»*(w*0wy) 
= £(x) _l lux + £{y) —I w r 
= -<7*e*( £ (m) Jufl) + p2^*( £ ( m ) -l^-H") 
= 0. 



17 



Secondly, let C be any local bisection of H Hq. Then C induces a local diffeomorphism on 
both X and Y, denoted by $£. By the left multiplication, C also induces a local diffeomorphism 
on H itself, which again, by abuse of notation, is denoted by 3>£. We need to prove that 

<S>* c [i*(LO X ©wy)] = i*(iO X ffiwy). (22) 

Given any tangent vectors (5*,<5*) G Tjvy) (X x# 1"), z = 1,2, let « J = o"i*<5* = /02*^ £ T m Ho, 
where m = e>"i(x) = #2(2/), and 5\ = &c*u l G T/jiT. It is simple to see that (0, 5 l h ,5 l x , $>£*<%) G TAi 
and 0, e TA 2' where A i cGxIxIxIandA 2 C H x K x y x Y are the 

corresponding graphs of the groupoid actions. From the compatibility condition, it follows that 

-u H (6l 5 2 h ) + u x (Si, 5 2 x ) - uxi^Jl, <$> c Jl) = 0, 

and 

u H (Sl 5 2 ) + wy(5j, 5 2 y ) - coy^cJl $ c J 2 y) = 0. 

Thus we have 

Kewy)((4^), (<&^)) = (<S>c*5l<S>c*5 2 y ))- 

Eq. ()22ll thus follows. Therefore we conclude that there is a two-form ujz on Z := X Xh Y such 
that 

tt*loz = i*{oj x © U)y), 

where 7r : X X# Y — >• Z is the projection. 
It is straightforward to check that 

dw z = (p 3 x cj 3 )*[O g © n K ] 

and the two-form ujz is compatible with the action of the quasi-symplectic groupoid G x K 

It remains to prove the minimal non-degeneracy condition. First we need the following 

Lemma 3.17 Let (G =4 Gq,ujg + &g) and (H Hq,ujh + &>h) be quasi-symplectic groupoids, 
Gq £- X — > Hq an Hamiltonian G-H-bimodule with uj x £ Q 2 (X). Then 

(kerp,)"* = G ^ G | p(:E) } + kerw x , and (23) 

(ker a*)"* = G A H \ a{x) } + ker W) (24) 

where Aq and Ah denote the Lie algebroids of G and H , respectively. 

Proof. It is obvious that {|(z)|£ G A g \ p m} + keiuj x C (ker p*) 1 ^ . Now 

dim(ker p*) Wx = dimX — dimcj^ker p*) 

= dim p^TxX) + dim ker p* — dim u;^ (ker /?*) 

= dimp*(T x X) + dim(keru;x n kerp*) (bv Lemma l3.6l (1)) 

< rankvlc — dim(^4c|^) + dim(kera;x H ker p*) 

= dim{£(x)|£ G ^4gIp(x)} + dim(kera;x flkerp*). 
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On the other hand, using Lemma 13.61 (2). it is easy to check that 

(kerwx nkerp,) (kerw x H {i(x)\£ G A G \ p(x) }) = kerw X - (25) 

To prove this equation, first one easily sees that kerwx can be written as the sum of the two 
subspaces on the left hand side. To show that this is a direct sum, it suffices to show that the 
intersection of these two subspaces is zero. This is because 

(kerwx nkerp*) n {£(x)|£ € A G \ p(x) } 
C ker ll>x H ker p* fl ker cr* 
= keru>x H ker(p x <r)* (by Lemma 13.61 (2)b) 
= 0. 

Prom Eq. (J2EJ), it follows that 

dim({|(x)[£ G ^Glp(x)} + kerw x ) 

= dim{£(x)|£ G A G \ p{x )} + dimkerwx - dim(ker^x H {|(x)|£ G A G | p(:E )}) 

= dim{£(cc)|£ G A?|p(z)} + dim(kera;x n ker p*). 

Thus Eq. (|2*3*|) follows immediately. Similarly Eq. (J21)l can be proved. This concludes the proof of 
the lemma. □ 

Assume that [(6 X , S y )] G Tu x ^ y x\Z, where (8 X , 6 y ) G Tt x< y\(X Xg 1"), is in the kernel of uz- Then 

O + = 0, y(5' x ,5' y ) G T (a!)W) (X x^ Y). (26) 

By letting 5^ = 0, it follows that ujx(8 x ,8' x ) = f° r any $x ^ kerui*. Therefore, according to 
Lemma 13.171 we have 

S x G (kercri*)^ = {f){x)\r} G A H \ ai (x)} + keruj X - 

It thus follows that we can always write 5 X = £(x) + 771(3;) for some £ G ^4gIpi(x) and 7?i G Aff |oi(a:) 
such that £ (pi(x)) G ker^c-. 

Similarly, one shows that 5 y = 772(2/) + C(y)> f° r some 772 G Aff|p 2 (y) and £ G AK"|er 2 (2/) such that 
C (02 (y)) G ker a;*-. 

Now ou5 x = —dA H {'ni) and p2*<^/ = 0,4^(772)- Thus we have 771 — 772 G ker oa h - From Eqs. (|26|) 
and (|13[). it follows that 

ug( £ ( m )>/>i*<Q - Wif(77t(n),cri*4) +w//(7?2(n),p2*^) ~^x( C (p),^2*^) = 0, 

where m = pi(x), n = &\(x) = piiy) and p = cr 2 (y). Hence u>h{vi ~ ^2(72), $n) = for any 
S n G f*T( x ,y)(X x-Hq Y), where / : X x# Y — > i?o is the map f(x,y) = a±(x). By the clean 
assumption, we may assume that f*Tr Xjy \(X x# Y) = au(T x X) (or p2*(T y Y), in which case, a 
similar proof can be carried out). Thus we have uh{t]i — T)2(n), a\*(T x X)) = 0, which implies that 
rj\{x) — rj2(x) G ker u) b x . On the other hand, since (pi x 01)* (771(3;) — 772(3;)) = (0, 0^(771 — 772)) = 0, 
we have 771(3;) — 772(2;) = according to Lemma l3~6l (2)b. It thus follows that 

[{$x,5 y )} = l(t(x) + m(x),m(y) + C(y)] = + m(x),m(y) + ((y)] = [(!(*), C(y))L 

which implies the minimal non-degeneracy condition. This completes the proof. □ 
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3.5 Reduction 



Theorem 13.161 has many important consequences. As an immediate consequence, we have the 
following reduction theorem. 

Theorem 3.18 Let (T zz£ P,cu + $7) be a quasi- symplectic groupoid, and (X P,cox) an Hamil- 
tonian V -space. Assume that m G P is a regular value of J and T™ acts on J (m) freely and 
properly, where T™ denotes the isotropy group at m. Then J _1 (m)/T™ is a symplectic manifold. 

More generally, if(Ti =i Pi, u>i + Oj), i = 1,2, are quasi- symplectic groupoids, (X J ^—i 2 p 1 xP2,u>x) 
is an Hamiltonian T± x T2-space, m G P2 is a regular value for J2 : X — > P2, and ^2)™ acts on 
J 2 1 (m) freely and properly, then J 2 l (m)/ {T2)m is naturally an Hamiltonian T\-space. 

Proof. Note that (X J ^—4 2 P 1 x P 2 ,ujx) being an Hamiltonian T\ x l^-space is equivalent to X 
being a ri-^-bimodule by considering X as a right r^-space. Let O C P2 be the groupoid orbit 
of 1?2 through m. Then P2 ±— 6 — > • is an Hamiltonian r2--bimodule according to Proposition 
13.81 The clean assumption is satisfied since J2 '■ Jj T 1 (0) —> O is a submersion. By Theorem 13.161 
X Xpj(5 is an Hamiltonian Ti- -Hamiltonian bimodule, i.e., a Hamiltonian Ti-space. It is easy to 
see that X Xp-O is naturally diffeomorphic to J 2 ~ 1 (m)/(r2)m- □ 

Remark 3.19 As a consequence, X/T (assuming being a smooth manifold) is naturally a Poisson 
manifold. One should also be able to see this using the reduction of Dirac structures, as an 
Hamiltonian T-space infinitesimally corresponds to some particular Dirac structure [SJ. 

Various reduction theorems in the literature are indeed consequences of Theorem l3.18l In partic- 
ular, applying Theorem 13. 181 to the AMM quasi-symplectic groupoids, we recover the Hamiltonian 
reduction theorem of quasi-Hamiltonian G-spaces of Alekseev-Malkin-Meinrenken 2. . 

Corollary 3.20 Let X be a quasi-Hamiltonian G\ x G2-space and let f G G2 be a regular value of 
the momentum map J2 ■ X — > G^- Then the pull-back of the 2-form uj to J 2 ~ (/) descends to the 
reduced space 

X f = J 2 1 (f)/(G2) f 

(assuming it is a smooth manifold) and makes it into a quasi-Hamiltonian G\-space. Here (G2)/ *s 
the isotropy group of G2 at f. In particular, if G\ = {e} is trivial then Xf is a symplectic manifold. 

Another immediate consequence of Theorem 13.161 is the following 

Theorem 3.21 Let (T P, u + Q) be a quasi-symplectic groupoid, and (X —V P,lox), and (Y ^ 
P,ujy) he Hamiltonian T-spaces. Assume that J\ : X — > P and J2 '■ Y — > P are clean. Then X x^Y 
is a symplectic manifold. 

We will call Xx^Y the classical intertwiner space between X and Y. When T P is the symplectic 
groupoid T*G ^ g*, this reduces to the classical intertwiner space {X x Y)q of Hamiltonian G- 
spaces [Hj. We refer the reader to PZj for the detailed study of classical intertwiner spaces of 
symplectic groupoids. 
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4 Morita equivalence 



This section is devoted to the study of Morita equivalence of quasi-symplectic groupoids. The 
main result is that Morita equivalent quasi-symplectic groupoids define equivalent momentum map 
theories. See Theorem 14. 191 and Corollary I4.2UI 

4.1 Morita equivalence of quasi-symplectic groupoids 

Morita equivalence is an important equivalence relation for groupoids. Indeed groupoids moduli 
Morita equivalence can be identified with the so called stacks, which are useful in the study of 
singular spaces such as moduli spaces. Morita equivalence of symplectic groupoids were studied 
in |36| . Here we will generalize this notion to quasi-symplectic groupoids. Let us first recall the 
definition of Morita equivalence of Lie groupoids |18| I3fi|. 

Definition 4.1 Lie groupoids G ^ Go and H z4 Hq are said to be Morita equivalent if there 
exists a manifold X together with two surjective submersions 

r 1 f y tj 

a left action of G with respect to p, a right action of H with respect to a such that 

1. the two actions commute with each other; 

2. X is a locally trivial G-principal bundle over X A Ho; and 

3. X is a locally trivial i?-principal bundle over Go £- X. 

In this case, Go £- X A Ho is called an equivalence bimodule between the Lie groupoids G and H . 
It is known that de-Rham cohomology groups are invariant under Morita equivalence. 

Proposition 4.2 J3J [Tffi If G ^ Go and H =4 Hq are Morita equivalent Lie groupoids, then 

h dr{G.) — ► Hp R (H.) 

Definition 4.3 Quasi-symplectic groupoids (G Go,wg + ^g) and (H =4 Ho,ujh + &h) are said 
to be Morita equivalent if there exists a Morita equivalence bimodule Go <— X Hq between the 
Lie groupoids G and H, together with a two-form u>x € Q 2 (X) such that X is also an Hamiltonian 
G-.ff-bimodule. 

Suppose that G =t Go and H =4 i?o are Morita equivalent Lie groupoids with equivalence 
bimodule Go £- X —* Ho- We say that m € Go and n 6 ifo are related if p _1 (m) n <7 _1 (n) ^ 0. 
The following are basic properties [36| . 

Proposition 4.4 If G Go and H _£f are Morita equivalent Lie groupoids with equivalence 
bimodule Go <— X i?o- Assume that mo € Go and no £ -f^o are related. Then 

1. dimG + dimi? = 2dimX; 
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2. an element n € Hq is related to tuq if and only if n lies in the same groupoid orbit as uq; and 
conversely, m £ Go is related to uq if and only if m lies in the same groupoid orbit as tuq; 
and 

3. the isotropy groups at wiq and uq are isomorphic. 

Theorem 4.5 Morita equivalence is indeed an equivalence relation for quasi- symplectic groupoids. 

Proof. From Proposition 13.81 (1). we know that Morita equivalence is reflective. If Go £- X —> Hq 
is an Hamiltonian bimodule defining the Morita equivalence between (G ^ Gq,ujg + ^g) and 
(H =t Hq,ujh + &h), then Hq £- X -h> Go, with the reversed actions, is an Hamiltonian bimodule 
defining the Morita equivalence between (H ^ Hq,ujh + ^h) and (G ^ Gq,u>g + &g)- So the 
symmetry follows. As for the transitivity, let (G ^ Gq,u>g + ^g)> (H =4 Hq,ujh + &h), and 
(K Kq,ujk + Qk) be quasi-symplectic groupoids. Assume that Go X — V Hq is a G-H 
equivalence bimodule, and Hq Y Kq an fZ-K-equivalence bimodule, respectively. It is 
known that Z = Xx^Y is a bimodule defining the Morita equivalence between the groupoids 
G =i Gq and K Kq. According to Theorem l3.161 Z is also an Hamiltonian G--fT-bimodule. Thus 
(G Go, wg + ^g) and (K Kq,ljk + &k) are Morita equivalent quasi-symplectic groupoids. □ 

In what follows, we describe some useful constructions of producing Morita equivalent quasi- 
symplectic groupoids. 

Let r P be a Lie groupoid, and u>i + J7« € ^ 2 (r) © f2 3 (P), i = 1,2, be two cohomologous 
3-cocycles. This means that there are B € f2 2 (P) and # € ^ 1 (r) such that 

(wi + f2 1 )-(w 2 + n 2 ) = i5(B + e). 

Following || , we say that u\ + Oi and ui2 + ^2 differ by a gauge transformation of the first type if 
(wi + - (w 2 + ^2) = SB, i.e., 

wi - uj 2 = s*B - t*B, Sli - n 2 = dB. 

And we say that uj% + fii and u;2 + ^2 differ by a gauge transformation of the second type if 
(ui + Oi) - (o>2 + ^2) = <5#, i-e., 

ill = ^2, = u)2 — dO, for some 6 £ f2 (r) such that 89 = 0. 

It is simple to see that gauge transformations of the first type transform quasi-symplectic 
groupoids into quasi-symplectic groupoids (see also [H]). Below we see that the resulting quasi- 
symplectic groupoids are indeed Morita equivalent (see |Hj for the case of symplectic groupoids). 

Proposition 4.6 Assume that (T =t P, oj + Q) is a quasi-symplectic groupoid. Then {T z4 P,u' + 
Q,'), where to' = lu + s*B — t*B and $7' = $7 + dB, for any B G Q 2 (P), is a Morita equivalent 
quasi-symplectic groupoid. 

Proof. First, we need to show that <J is non-degenerate in the sense of Definition 12.51 By 
Proposition 12. 7\ it suffices to show that a : keru;^ n A m — > ker io' m n T m P is injective. Assume that 
£ G keiiv' m fl ^4 m such that a(£) = 0. Then we have for any t> € T m P, 

= u/(?, v) = (w + 5*5 - t*S)(T, «) = w(T, w) + 5(a(0, «) = w(T. v). 
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Thus we have £ G kerw m fl A m , which implies that £ = 0. 

To prove the Morita equivalence, let X = T and wj = a; + s*B. We let (T 14 P, u/ + act 
on X from the left by left multiplications and let (T zz£ P, u; + f2) act on X from the right by right 
multiplications. It is simple to check that these actions are compatible with the quasi-symplectic 
structures. It remains to check the minimal non-degeneracy condition. Assume that 8 X G kerux- 
Then for any £ G A t r x \, we have, 

= u x (S x , C (x)) = u)(6 x , C (x)) + B(sJ x , s* C ) = C (»)) 

since s* £ ( x ) = 0- Hence u^i*^., ( (t(x))) = according to Eq. (|16|). which implies that i*^ G 
kerw. Therefore = a(r?) for some rj G such that rj (t(x)) G kero;. Hence 77 (t(x)) G keru; 
by Corollary 12.41 (3), which implies that r\ (x) G kero;. Set 5' x = 5 X + 77 (x). Thus = i*<5 x + 
i* 77 (x) = i*^ — 0(77) = 0. Hence we may write 5' x = £ (x) for some £ G A^). Moreover, a simple 
computation yields that 

£ (x) _J uj' = 5' x _l uj' = S x _l ujx — fi' x — I = $c — I ^ = $b — I u x + V( x ) — ' u + Vfa) — I S *B = 0. 
Thus £ (•s(x)) G keru/ according to Eq. ()16|) . This concludes the proof. □ 

Remark 4.7 Note that quasi-symplectic groupoids are in general not preserved under gauge trans- 
formations of the second type. For instance, the symplectic structure uj on the symplectic groupoid 
T*G =4 g* is d9, where 9 G J7 1 (T*G) is the Liouville one- form. It is simple to see that 6 satisfies 
the condition 89 = 0. However T*G =t g* with the zero two-form is clearly not quasi-symplectic. 

For a Lie groupoid T P and a surjective submersion <fi : Y — > P, we denote by T\Y] the 
subgroupoid of (Y x Y) x T consisting of {(yi, 2/2,?") I s(r) = <K2/i)> = 0(2/2)}) called the pull- 
back groupoid. Clearly the projection pr : T[Y] — > T defines a groupoid homomorphism. By abuse 
of notations, we also use pr to denote the corresponding map on the unit spaces (ft : Y — > P. 

Proposition 4.8 Assume that (T zz£ P, + O) is a quasi-symplectic groupoid, and (f) : Y —> P 
a surjective submersion. Then (T[Y] zz£ V, pr* cj + pr* fi) is a quasi-symplectic groupoid Morita 
equivalent to (T zz^ P, u + O). 

Proof. It is obvious that pr* a; + pr* O, is a 3-cocycle since pr is a Lie groupoid homomorphism. 
By Ay, we denote the Lie algebroid of F[Y] zz^ Y. It is simple to see that Vy G Y, 

A Y \ y = {(6y,0\S y G T^y, £ G A^y) such that 0*Oy = a(£)}, 

with the anchor ay : Ay — > TY being given by the projection (5 y ,£) — > S y , where A is the Lie 
algebroid of T. Therefore, an element (6 y ,£) G Aylj,, where <j)*6 y = a(£), belongs to ker(pr* u)\ y fl 
Ay \ y if and only if £ G ker u^iy) fl A^ y y This implies that ay : ker(pr* uj) n Ay — > ker(pr* a;) fl TY 
is indeed injective. It thus follows that (T[Y] z^ Y, pr* u + pr* ft) is a quasi-symplectic groupoid by 
dimension counting. 

To show the Morita equivalence, let X := V ~XtPd> Y an d = p*u, where p : X — > T is 
the natural projection. It is standard that P X Y is a r-r[y]-bimodule defining a Morita 
equivalence between these two Lie groupoids, where 

p(r, y) = s(r), and a(r, y) = y 
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and the left T-action is 

r ■ (r,y) = (rr,y), t(r) = s(r) (27) 

while the right r[Y]-action is 

(r,y) ■ (yi,V2,r) = (rr,y 2 ), y = yi, t(r) = </>(y) = 0(y x ) = s(r) . (28) 

It is also simple to check that lux is compatible with the T x r[Y]-action. For the minimal non- 
degeneracy condition, assume that (<5 r , 5 y ) G Tt ry \X such that (5 r , 5y)-\u)x = 0, which is equivalent 

to that S r Auj = 0. By Proposition IH.81 we have 5 r = £ (r) — V( r )> where £ G A s ( r ) and rj G A t t r \ 

such that ^ and ~rf{t{r)) G keru. Thus (5 r ,5y) = £(r,y) — r/'(r,y), where = (S y ,r]) G Ay\ y 

clearly satisfies the condition that rj' (y) G kerpr*u;. This concludes the proof. □ 

Combining Proposition 14.61 and Proposition 14.81 we are lead to the following 

Theorem 4.9 Let (G ^ Gq,ujg + ^g) an d (H Hq,ujh + ^h) be pre- quasi- symplectic groupoids, 
which are Morita equivalent as Lie groupoids with an equivalence bimodule Go £- X A Hq. If 
P*{log + ^g) an d o~*(lvh + ^h)> as de-Rham 3-cocycles of the groupoid G[X] = H[X] X, differ 
by a gauge transformation of the first type, then if one is quasi- symplectic, so is the other. Moreover, 
they are Morita equivalent as quasi- symplectic groupoids. 

4.2 Generalized homomorphisms of quasi-symplectic groupoids 

Recall that a generalized homomorphism from a Lie groupoid G Gq to H Hq is given by a 
manifold X, two smooth maps Go £- X — > Hq, a left action of G with respect to p, a right action 
of H with respect to a, such that the two actions commute, and X is a locally trivial i?-principal 
bundle over Go X ^HJ. In particular, p : X —> Gq must be a surjective submersion, and the 
(right) f/-action on X is free and proper. 

Generalized homomorphisms can be composed just like the usual groupoid homomorphisms; 
thus there is a category Q whose objects are Lie groupoids and morphisms are generalized homo- 
morphisms |15M16[ EIT]. where isomorphisms in the category Q are just Morita equivalences |27[ K-ifij . 

Similarly, we can introduce the notion of generalized homomorphisms between quasi-symplectic 
groupoids. 

Definition 4.10 A generalized homomorphism from a quasi-symplectic groupoid (G =} Gq,log + 
Qg) to a quasi-symplectic groupoid (H Hq,uh + &h) is an Hamiltonian G-ff-bimodule Go ^~ 
X — ► Hq, which is, in the same time, also a generalized homomorphism from G to H. 

Theorem VA.l fil implies the following: 

Theorem 4.11 There is a category, whose objects are quasi-symplectic groupoids, and morphisms 
are generalized homomorphisms of quasi-symplectic groupoids. The isomorphisms in this category 
correspond exactly to Morita equivalences of quasi-symplectic groupoids. 

It is known that a strict homomorphism of Lie groupoids must be a generalized homomorphism. 
For quasi-symplectic groupoids, one can also introduce the notion of strict homomorphisms. 



24 



Definition 4.12 A strict homomorphism of quasi-symplectic groupoids from (G Gq,oog + G ) 
to (H z4 Ho, u)h + &h) is a Lie groupoid homomorphism eft : G — > # satisfying 

1. + H ) = w G + n G , and 

2. if £ G An\ m satisfies the properties that ciff(£) = and </>*( £ (m) = 0, then £ = 0, 
where is the Lie algebroid of -ff =4 flo an d a_H" : Aff — ► TH$ denotes its anchor map. 

Proposition 4.13 For quasi-symplectic groupoids, strict homomorphisms imply generalized homo- 
morphisms. 

Proof. Assume that <fi : G — > H is a strict homomorphism of quasi-symplectic groupoids from 
(G =J G ,w G + G ) to (i? =4 H ,u H + O//). Let X = G x^ ijffo , s H, and set p(g ,h) = go, 
°~(90i h) = t(h). Define a left G- and a right iJ-action on X, respectively, by 

g ■ (g , h) = (s(g),<j)(g)h), and (go, h) ■ ti = (go, hti). 

One checks that this defines a generalized homomorphism from G Go to H _ff ^Hl- Let 
oof = i*(0, wjj), where i : Go x^ ffo s H C Go x H is the inclusion. It is simple to see that lux is 
compatible with the G-.£/-bi-actions. It remains to prove the minimal non-degeneracy condition. 
Note that for any £ € T(Ag) and rj G r(A#), the vector field on X generated by the infinitesimal 
action of (£, 77) is given by 

(feSCst), M = (og(0Gr>)» WW - VW)> v(sd, /i) g x 

Assume that 6 X = (S go ,Sh) G kerwx, where x = (go, h) G X. This implies that 

4>*S go = s*5 h (thus 0(50) = s(h)), and (29) 
= 0, V<% G T h F such that sj h G lm(0*). (30) 

In particular, for any ( G Ag\ t (u\, since s* Q (h) = 0, which is always in the image of (/>*, we have 

^ll(o~h, C (h)) = 0. From Eq. (|TH|). it thus follows that u)n(t*Sh, C (t(h))) = 0, which implies that 
t*<5ft G kerwH- By the non-degeneracy assumption of Definition 12.51 we have t*5h = Off (77), where 
rj G such that ~rf(t(h)) G keru;#. Hence *rf(t(h)) G kerw# according to Corollary 12.41 (3). 

which implies that r) (h) belongs to keiuu by Eq. (fT6|) . Let Sh = Sh + f](h). Then we have 
t*Sh = t*5h + t**rf(h) = t*6h — an(ri) = 0. Thus Sh = £i(h) for some £1 G Ah\ s ^, and hence we 
have Sh = £i(h) — *v(h). On the other hand, for any \ G Ac\ go , since s*</>*x(^) = a H(4>*x) = 
4>* a c(x) ^ Im0*, we have u>H(Sh,4>*x(h)) = by Eq. (jHOJ). Now 

4>*x(h)) = Wh(Ci (/i) - V(^)> 4>*x(h)) = w fl (^i (/i), <j>*x(h)) = uj h (s*£i (h), <f)*x(s(h))), 

where we used Eq. |(T5|) in the last equality. 

Now s*£i(/i) = s*(5h + V(^)) = = 0*<W Therefore we have Wfl(^i 9[) , </>*x( s (M)) = 
0, Vx G A G | 90 . It thus follows that 5 S0 G ker(</>*cjff). Since (G =} Go,4>*luh + 4>*^h) is 
quasi-symplectic, by the non-degeneracy assumption, we conclude that 5 go = a G (£) for some 
£ G A G \ go such that £ (50) G kev((p*uj H ). Therefore for any S' go G T go G , u H (<f>*€(s(h)), 4>*S' go ) = 
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(<^if)U(<?o),<% ) =0. Hence u H (ZMh)) - <f>^(s(h)), MJ = uj H (^(s(h)), <f>J' go ). Since 
s : H — > Hq is a submersion, we may assume that 4>*^' go = s *$h f° r some 5'^ G T^//, and therefore 

u H (Ti(s(h)), 4>J' go ) = u H (Ti(s(h)), sj£) = oj H (Ti(h), 5£) = Wflft+VW, K) = <"H(S h , 5'h) = 
byEq. since s*<5^ — ( / ) * ( ^go ^ Im0*. On the other hand, since 

it follows that £i — 0*£ = 0. Therefore, we conclude that S x = (5 go ,5h) = (£ © r])(go,h), where 
£ (5o) £ ker(0*u;#) and ~rf{t{h)) G keru;.?/. □ 

Remark 4.14 Note that the second condition in Definition 14, 121 is necessary for Proposition 14.131 
to hold. For instance, given a quasi-symplectic groupoid H Hq and a fixed point in Ho, one may 
always think of this point as a groupoid homomorphism from ■ zz| • to // =4 -Ho- The first condition 
is satisfied automatically. However, ■ <— H A- //q is, in general, not a generalized homomorphism 
of quasi-symplectic groupoids since H is not, in general, an Hamiltonian //-space under the right 
//-action. 

The following proposition describes the precise relation between generalized homomorphisms 
and strict homomorphisms for quasi-symplectic groupoids. 

Proposition 4.15 Any generalized homomorphism of quasi-symplectic groupoids is equivalent to 
the composition of a Morita equivalence with a strict homomorphism. 

Proof. The inverse direction follows from Proposition 14.131 and Theorem I4.11( so it remains to 
prove the other direction. 

Assume that Go £- X — > Hq is a generalized homomorphism of quasi-symplectic groupoids from 
(G=rG ,u; G + Q G ) to (H=tH ,u H + n H )- 

Consider the transformation groupoid Q := (G x H) X( GoX h ) X =4 X as in Proposition 13.141 
One easily checks that Q =4 X is isomorphic to G[X] =t X, where the isomorphism is given 
by (g,h,x) — ► (x, g~ x xh, g), V(g,h,x) G (G x H) X( GoX H ) X- Therefore we have two groupoid 
homomorphisms pr x : G[X] — > G and pr 2 : G[X] — > H. Equip G[X] =4 X with the 3-cocycle 

UG[X\ + tt G [ X ] ■= prl(u G + Q G ) - 5uj X - 

By Theorem 14.91 we know that (G[X] ^ X, oj G \x] + &G[X]) is Morita equivalent to (G ^ Go, u> G + 
0, G ). On the other hand, according to Proposition 13. 14| we have oj G \x\ + Qg\X] = P r 2( w # + &h)- It 
thus follows from Theorem 13. 161 that X £- X x a ,H ,s H A Ho is an Hamiltonian G[X]-H bimodule 
defining a generalized homomorphism of quasi-symplectic groupoids from (G[X] =4 X, oj G [x] + 
Sl G \X\) to (// =4 Ho,ujh + ^ff)- Here the two-form ojz on Z := X X at H ,s H is given by ujz = 
z*(0, where i : Z — > X x // is the inclusion. By Lemma 13.61 2(b). one easily sees that Condition 
(2) in Definition 14.121 is satisfied so that pr 2 : G[X] — > H is indeed a strict homomorphism of 
quasi-symplectic groupoids. This completes the proof. □ 

The proof of the above proposition also yields the following 
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Corollary 4.16 If f : G X A H is a generalized homomorphism of quasi- symplectic groupoids 
from (G =4 G ,wg + ^g) to (H H ,ujh + &h), then f*[uo H + ^h] = [wg + ^g], where f* : 
H^ R (H.) — > Hfj R (G.) is the induced homomorphism of the de Rham cohomology groups. 

In particular, if (G =4 Gq,ll>g + ^g) and (H =S Hq,u>h + &h) are Morita equivalent quasi- 
symplectic groupoids, then [log + &g] and [^h + &h] define the same class under the isomorphism 
Hl R {G.)^Hl R {H.). 

4.3 Hamiltonian spaces for Morita equivalent quasi-symplectic groupoids 

Definition 4.17 Assume that (G Go, cog + &g) an d {H ^ Hq, loh + £Ih) are Morita equivalent 
quasi-symplectic groupoids with an equivalence bimodule Go X A Hq. Let (ft : F — > Go be an 
Hamiltonian G-space, and ip : E — > -ffo an Hamiltonian ff-space. We say that -F and E are a pair 
of related Hamiltonian spaces if there is an isotropy submanifold 0, C X x F x E, such that 

1. is a graph over both X xg F and X xh E; and 

2. (yx^ 1 ) ■ f = y(x~ 1 (f)) and (x~ 1 z) ■ e = x~ 1 (z(e)), whenever either side is defined for any 
x,y, z £ X,e £ E and / G F, where by x _1 (f) (or zie) resp.), we denote the unique element 
in E (or F resp.) such that (x,f, x~ 1 (f)) G SI (or (z,z(e),e) G resp.), and (or 
resp.) denotes the corresponding element [y, x] (or [x, z] resp.) in the groupoid G (or H resp.) 
under the identification: G = (X x Hq X)/H (or H = G\ (X x Go X) resp.) 

The following property follows immediately from the definition above: 

Proposition 4.18 1. x (x(e)) = e and x(x (f)) = f for all composable x G X,e G E and 
f€F; 

2. for all composable g£G,x,y£X,h£H,f£F and e G E, 

(g ■ x)-\f) = x~\g~ l ■ f), (g ■ y)(e) = g ■ y(e); 
(x ■ h)-\f) = h- 1 ■ (x-\f)), (y ■ h)(e) = y(h ■ e). 

We are now ready to prove the main result of this section. 

Theorem 4.19 Suppose that (G =4 Gq,loq + ^g) and (H zz£ Hq,loh + Qh) are Morita equivalent 
quasi-symplectic groupoids with an equivalence bimodule Go £- X Hq. Then, 

1. corresponding to any Hamiltonian G-space (ft : F — > Go, there is a unique (up to isomorphism) 
Hamiltonian H -space ift : E — > Hq such that F and E are a pair of related Hamiltonian spaces 
and vice versa. 

2. let (pi : Fi —* Go, i = 1,2, be Hamiltonian G-spaces and ipi : Ei — > Hq, i = 1,2, their related 
Hamiltonian H -spaces. If fa and fa are clean, then ip\ and ip2 are clean, and the classical 
intertwiner spaces F\ Xgi^ and E\ Xu Ei are symplectically diffeomorphic. 

Proof. The proof is a simple modification of Theorem 4.2 in |36j . 

(1) Suppose that <f> : F — > Go is an Hamiltonian G-space. Then Go <— F — > • is an Hamiltonian 
G--bimodule. Since Hq X -A Go is an Hamiltonian iif-G-bimodule, from Theorem 13.161 it 
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follows that E := X xq F is an Hamiltonian ^/--bimodule, i.e., an Hamiltonian H-sp&ce. Here 
ip : E —* Hq and the ff-action on E are defined by 

^(fo/D = a ( x ) 

and 

/i.[x,/] = [x-h~\f]. 

Let O = {(x, /, [x, /])|V(x, /) G X Xg F} C X x F x F. It is straightforward to check that 
fl is an isotropy submanifold, and is indeed a graph over both X Xq F and X Xjj E. Hence 
p : F — > Gq and ip : E — > Hq are a pair of related Hamiltonian spaces. Conversely, one easily sees 
that F = X xh E by working backwards. 

(2). Let SliClxl;x£i,i = 1, 2, be as in (1). Then Ux xTh C X xF\ X Ex XX X F 2 xE^ 
is an isotropy submanifold, which is a graph over X Xq F\ xlx^^. Given any [(/i,/2)] € 
Fi x^r i<2, take any element x G X such that p(x) = 0i(/i) = 02 (/2)- Let ej G Fi, and e2 G £?2 
such that (x, f\,ex,x, f 2 ,e 2 ) G f^i x Sl 2 - Then it is simple to see that (ex,e 2 ) G £1 X# E 2 and 
[61,62] S £1 i? 2 is independent of the choice of x and (/i,/2). Thus, we obtain a well-defined 
map: 

$ : Fi x G F2~^ E x x H E~ 2 , [fx, f 2 ] -► [ei, e 2 ]. 

It is simple to check that $ is a bijection, which is indeed a symplectic diffeomorphism by using 
the fact that f^i x Q, 2 is isotropic. □ 

Corollary 4.20 Assume that (G =4 Go, wg + ^g) anc ^ ^ ^Oi ^i? + ^if) are Morita equivalent 
quasi- symplectic groupoids, and p : F — > Go and ip : E — > Hq are a pair of related Hamiltonian G- 
and H -spaces respectively. Let n G Hq and m G Go be a pair of related points. Then the reduced 
spaces p~ 1 (m)/G™ and V> _1 (n) / 'H™ are symplectically diffeomorphic. 

Remark 4.21 Corollary I4.2UI indicates that the reduction of Hamiltonian spaces of quasi- 
symplectic groupoids is of stack natural. 

In fact, the same argument in the proof of Theorem 14.191 leads to the following more general 
result. 

Theorem 4.22 Assume that f : G A X A H is a generalized homomorphism of quasi- 
symplectic groupoids from (G =X Go, log + ^g) to (H Ho, wjj + f2#). Then 

1. if ' <p : E — > Hq is an Hamiltonian H -space, and the maps <p and a are clean, then tp : F — > Go, 
where F = X xjj E, is an Hamiltonian G -space, called the pull-back Hamiltonian space and 
denoted by f*E; 

2. let (pi : Ei — > Ho, i = 1,2, be Hamiltonian H-spaces and tpi : Fi — > Go, i = 1,2, their 
pull-back Hamiltonian G-spaces. If <p\ and <p 2 are clean, then ip\ and ip 2 are clean, and 
moreover there exists a natural symplectic immersion between their classical intertwiner spaces 
F\ x G ~F~ 2 -> E x x H ~E~ 2 . 
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4.4 Examples 

In this subsection, we will discuss various examples of Morita equivalent quasi-symplectic groupoids 
and derive some familiar corollaries as a consequence. We start with a general set-up. 

Let (r P, oj + Q) be a quasi-symplectic groupoid and <p : Y — > P a surjective submersion. 
Consider (T[Y] ^ Y,J + VL'), where u/ = (B,B,u) E £l 2 (T[Y}) and Q' = <j)*£l-dB (in applications, 
normally (/)*£! = dB for some B € ft 2 (Y), so 0' = 0). According to Propositions 14.61 and 14.81 this 
is a quasi-symplectic groupoid Morita equivalent to (T =4 P, o-> + SI). Applying Theorem 14.191 we 
obtain the following 

Proposition 4.23 1. There is a bijection between Hamiltonian V -spaces and Hamiltonian V\Y\- 
spaces. 

More precisely, if (M P,ujm) is an Hamiltonian Y -space, then (A — > Y, lun) is an Hamil- 
tonian r[Y"] -space, where A is the fiber product Y xp M, J : A — > Y is the projection to the 
first component, and uin = —J*B + p*ujm- Here p : A — > M is £/te projection to the second 
component. 

Conversely, if (A Y, wat) is an Hamiltonian T[Y]-space, its corresponding V -space (M —> 
P,lom) is given as follows. M is the quotient space N/T[Y]', where T[Y]' is the subgroupoid 
q/T[Y] consisting of all elements (yi,y2,u) with y\,yi € Y , 4>{yi) = <p{yi) = u, J : M — > P 
is given by J{[n\) = {(j)°J){n), and the two-form um on M is defined by the equation: 

tt*ujm = + J*B. 
Here n : N — » M denotes the natural projection map. 

2. If {M P,ujm) an d (A Y,ujn) are a pair of Hamiltonian V- and T\Y\- spaces as above, and 
O C P and Oy C Y are a pair of related groupoid orbits, then the reduced spaces J~ l {0)/T 
and J~ 1 (Oy)/r[Y] are symplectic diffeomorphic. 

Proof. As in the proof of Propositions l4~o1 and |4~%1 the Morita equivalence Hamiltonian bimodule 
is given by P A X Y, where X = Fxt p^Y and uj = (u, B). The left Y- and right- r[Y]-actions 
are given by Eqs. (|27 |) -l|28 |) respectively. 

Now we are ready to apply Theorem 14.191 If J : M — > P is an Hamiltonian T-space, then its 
corresponding Hamiltonian T[Y]-space is N = X Xr M, which is the quotient by T of the space 
{(r, y, m)\t(r) = 4>(y), J{m) = s(r)}. It is simple to see that the latter is diffeomorphic to the fiber 
product Y xp M, and, under this diffeomorphism, the two-form on X xp M goes to —J*B + p*um- 

Conversely, assume that J : A — > Y is an Hamiltonian T[Y]-space. Then M = X x-piy] N = 
(AxyA)/T[Y]. Now Xx Y A = {(r, y, n)\t(r) = <p(y), J(n) = y}. It is simple to see that^under the 
T[Y]-action, any element in X Xy A is equivalent to (u, y, n) where y = J(n) and u = 4>(J(n)). Any 
two such elements (u,y,n) and (it', y ! , n') are equivalent if and only if n' = 7' • n where 7' G r[Y]'. 
As a result, M can be identified with N/T[Y]', and the two-form (u,B,ujn) on X xy A goes to 
lun + J*B under the identification 

{(u,y,n)\Vn G A, y = J(n), u = <p(J(n))} A. 

Therefore we have tv*ojm = + J*B. 

The rest of the claims follows easily from Theorem 14.191 □ 
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We now consider various special cases of the above proposition. 

Let G be a compact connected Lie group equipped with the Bruhat-Poisson group structure 
[2*T] . and g be its Lie algebra. By G* we denote its simply-connected dual Poisson group. It is 
known that there exists a diffeomorphism ^ |3| : 

E : * -» G*, 

which is G-equivariant with respect to the coadjoint action on q* and the left dressing action on 
G* . Let us recall the construction briefly. Here we follow the presentation of P|. 

Let n : g c — > C be the Cartan involution given by the complex conjugation, and let f : C — > g c 
be the anti-involution £T = — «(£). We also denote by f the induced anti-involution of G c , considered 
as a real group. Let £?" : 0* — > g be the isomorphism induced by the Killing form B. For any /x G 0*, 
the element g = exp(z\B"(/i)) G G c admits a unique decomposition g = W, for some I £ G*. Then 
£7 is defined by = 

Let (3 G O 1 ^*) be the one-form |3] 

= Iw(£*flC (M t)) (3i) 

where 6 G Q l (G*) <8> g* is the left-invariant Maurer-Cartan form, and #t its image under the map 
f : g* C g c — > g c , W : — > S7* _1 (g*) is the standard homotopy operator for the de Rham 
differential. Let B = dp G ^ 2 (fl*). 

The following proposition also follows from Ginzburg-Weinstein theorem |13j . 

Proposition 4.24 The Lu-Weinstein symplectic groupoid G x G* =4 G* is Morita equivalent to 
the standard cotangent symplectic groupoid T*G g* . 

PROOF. Since E : g* — > G* is G-equivariant, the pull-back groupoid (G x G*)[g*] is clearly 
isomorphic to the transformation groupoid Gxg* =4 0*, which is naturally isomorphic to T*G =4 g*- 
Moreover, from Lemma 2 (2) in (or Proposition 3.1 in [3]), it follows that 

S*^' -u = dB. 

Therefore, these two symplectic groupoids are Morita equivalent since dB = 0. □ 

As an application, we are lead to the following Alekseev-Ginzburg-Weinstein linearization the- 
orem p. 

Corollary 4.25 Let G be a connected compact Lie group equipped with the Bruhat-Poisson group 
structure. Then 

1. (M,Wjf) is an Hamiltonian Poisson group G-space with the momentum map J : M — > G* if 
and only if (M,uj' m ) is a usual Hamiltonian G-space with the momentum map J : M — > g* , 
where 

J = EoJ, = ujm ~ J*B. 

2. If O is a coadjoint orbit in g* and O = E(0) is its corresponding dressing orbit in G* , then 
the reduced spaces J~ 1 (0)/G and J~ 1 (0)/G are symplectically diffeomorphic. 
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Next we consider the AMM quasi-symplectic groupoid (GxG=|G,w + !l). Let Hoi : Lg — > G 
be the holonomy map, i.e., the time-1 map of the differential equation: 

HoUCrJ-^HoUCr) = r, Hol (r) = e. 

OS 

Then we have Hol*f2 = dfi, where /U is the two-from on Lg 2 : 

l 

o 

where 9 £ Q 1 (G) is the right Maurer-Cartan form. 

The pull-back groupoid of the AMM-groupoid under the holonomy map is isomorphic to the 
transformation groupoid LG x Lg =4 Lq, where LG acts on Lq by the gauge transformation (|2Uj) . 
To see this, note that 

(G x G)[Lg] = {(nM^W^JkiW.raOO S Lg, g € G such that ^Hol^S = Hol(r 2 )} 
Define 

r: (GxG)[LgHLGxig, (n( S ), r 2 (a), «/) -> (n(s), <?(*)), (32) 
where g(s) is defined by 

Ad g(s) -ir 1 (s)-g(s)- 1 ^-=r 2 (s), g(0) = g. (33) 

It is simple to see that r is indeed a diffeomorphism, under which the groupoid structure on 
{G x G)[Lg] becomes the transformation groupoid LG x Lq 14 Lg. 

Proposition 4.26 TTie symplectic groupoid (LG x Lg 4 Lg, tOLGy.Lg) is Morita equivalent to 
the AMM quasi-symplectic groupoid (G x G 4 G,w + 0). 

Proof. From the above discussion, we know that LG x Lq ^ Lq is the pull-back groupoid 
of G x G =4 G under the holonomy map Hoi. Denote by / the groupoid homomorphism from 
LG x Lg z4 Lg to G x G =4 G, where on the space of morphisms and the space of objects, / is 
given, respectively, by f(g(s),r(s)) = (g(0), Hol(r)) and f(r(s)) = Hol(r), Vg(s) € LG, r(s) € Lg. 
Then a simple computation yields that 

ULGxLq ~ /*(<*> + fi) = <fyi- 
Thus the conclusion follows from Propositions 14.61 and 14.81 immediately. □ 

Remark 4.27 The above result was used in [§] to construct an equivariant 5' 1 -gerbe over the stack 
G/G. 

An immediate consequence is the following equivalence theorem of Alekseev-Malkin- 
Meinrenken 
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Corollary 4.28 1. There is a bijection between Hamiltonian LG-spaces and quasi- Hamiltonian 
G-spaces. 

More precisely, if [M — > G,ujm) is a quasi- Hamiltonian G-space, then (N A Lq, wjv) is an 
Hamiltonian LG -space, where N is the fiber product Lq Xq M, J : N — > Lq is the projection 
map to the first component, and ujjy = —J*/j, + p*um- Here p : N — > M is the projection to 
the second component. 

Conversely, if (N — > Lq,ujn) is an Hamiltonian LG-space, its corresponding quasi- 

Hamiltonian G-space (M A G, u>m) is given as follows. M is the quotient space N/QG, 
where QG is the based loop group QG C LG, J : M — > G is given by J{[n\) = (HoLJ)(n), 
and the two- form on M is defined by 

tt*um = con + J* fa 
where tt : N — > M denotes the projection. 

2. Let (M G,um) and (N Lq,ujn) be as above. Then the reduced spaces J~ 1 (e)/G and 
J (0)/LG are symplectically diffeomorphic. 

Proof. This essentially follows from Proposition 14,231 Note that under the isomorphism (|32|). the 
subgroupoid (G x G)[Lq]' of (G x corresponds to the transformation groupoid Lq x ftG 

Lq. □ 

Remark 4.29 For a quasi-Manin triple (d,Q, h), Alekseev and Kosmann-Schwarzbach introduced 
a momentum map theory with target space D/G 4 . It would be interesting to investigate what 
the corresponding quasi-symplectic groupoid is. In particular, different choices of complements f) 
should give rise to Morita equivalent quasi-symplectic groupoids. 
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